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Abstract. In this paper we first establish global pointwise time-space esti- 
mates of the fundamental solution for Schrodinger equations, where the sym- 
bol of the spatial operator is a real non-degenerate elliptic polynomial. Then 
we use such estimates to establish related LP — L q estimates on the Schrodinger 
solution. These estimates extend known results from the literature and are 
sharp. This result was lately already generalized to a degenerate case (cf. [3]). 
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1. Introduction 

In this paper we are interested in L p -L q estimates of solutions for the following 
Schrodinger equation: 

^ = iP{D) Ul U (0, •) = u e V (R n ), (1.1) 

where D = —i(d/dxi, ■ ■ ■ ,d/dx n ), P : R" — > R is a non-degenerate real elliptic 
polynomial of the even order m. In the sequel, we may assume without loss of 
generality that P m (£) > for £ ^ where P m {0 is the principal part of P(£). 
The non-degeneracy condition on the polynomial P reads as follows. 
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(a) For any £ £ R n \{0} the Hessian 

(ap^ Pm(e) ) 

is non-degenerate. 

For an elliptic polynomial P, condition (a) is equivalent to the following 
condition (see [TJ): 

(b) For any z £ S™ _1 (the unit sphere of R"), the function on S™ _1 ij)(w) '■= 

(P m {uj))~ 1/m , where u> £ S" 1 , is non-degenerate at its critical points. 
This means, if d^ip, the differential of -0 at a point uj £ S™ vanishes, then a^ip, 
the second order differential of ip at this point is non-degenerate. 

For every initial data uo £ S(R n ) (the Schwarz space), the solution of the 
Cauchy problem fll.l p is given by 

tt(i, ■) = e ltp(D) u = F~ r (e itp ) * u , 

where J- denotes the Fourier transform, J 7-1 its inverse, and J r ~ 1 (e Itp ) is under- 
stood in the distributional sense. From the ellipticity assumption on P, it is easy 
to find that I(t,x) := J r ~ 1 (e ltp )(x) is an infinitely diffcrentiablc function in the x 
variable for every fixed t ^ (see [3]). 

When the symbol P is homogeneous, Miyachi [7] and Zheng et al. [11] consid- 
ered the pointwise estimates of the oscillatory integral / and the L p — L q estimates 
of the operator e ltp ( D ) (£ -L 0). Dropping the homogeneity of P, Balabane et al. [Ij 
and Cui [3] studied the same estimates under the above non-degeneracy con- 
dition. We remark that the results of Balabane et al. are not sharp, while those 
of Cui are sharp estimates, but under the assumption of local t, i.e. < \t\ < T. 
Here, sharpness means that the decay rate in the spatial variable is identical with 
that in the homogeneous case, namely, the decay rate is — ^[m-i j ( see PD- 

The purpose of this paper is to prove global pointwise time-space estimates 
and L p — L q estimates of the fundamental solution of (jl.ip for all \t\ > 0. Our 
proof depends heavily on a decay estimate for the oscillatory integral J-^ 1 (e ltp ). 
Compared with previous papers (see [U |3j El [TQl [IT] ) , we estimate the oscillatory 
integral with two parameters, i.e. both the time variable and the spatial variable 
simultaneously. So we obtain the sharp decay in the spatial variable, even for \t\ 
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large. Recently, our result was already generalized in j4]. But since the method 
applied there is different, this paper provides an alternative approach. 

This paper is organized as follows. In Section [2J we make some pretreatment 
of the oscillatory integral T~ 1 (e ltp ), review the method of Balabanc ct al. [1] 
and Cui [3] , and present some necessary lemmata. In Section [3J we prove global 
pointwise time-space estimates of the fundamental solution of which is our 
main result. Finally, in 2] we use them to obtain the related L p — L q estimates for 
the Schrodingcr solution. 

2. Preliminaries 

Throughout this paper, we assume that P : R" — > R is always a non-degenerate 
elliptic inhomogeneous polynomial of order m where n > 2 and m is even. It is clear 
that P is non-degenerate if and only if det(9i9 :; P(^))„ xn is an elliptic polynomial 
of order n(m — 2), which is also equivalent to (H2) in [T], i.e. our condition (b). 

We denote by S n_1 the unit sphere in R", and by (p,uj) G [0,oo) x S™ _1 
the polar coordinates in R™. By the conditions on P, we know that P m (0 > 
for £ ^ 0, which implies that there exists a large constant a > with: For each 
fixed s > a and w € S n , the equation P(pu) = s has an unique positive solution 
p = p(s,w) e C°°([a, oo ) x S™ -1 ). By Lemma 2 in [T] we have 

p(s,oj) = s-(P m (o;))-« +a{s,u), (2.1) 

where a lies in the symbol class 5° ([a, oo) x S n_1 ) (cf. |4]), i.e. a 6 C°°([a, oo) x 
S™ -1 ). Moreover for every k € No := {0, 1, 2, • • • } and every differential operator 
L w on S™" 1 there exists a constant CkL such that 

\d%L u a(s,u)\ < C kL (l + s)- k for s > a and u E S n_1 . (2.2) 

We now recall two lemmata (see [TJ [3] ) on the estimates of the following phase 
function 

(j){s,uj) := s~~ p{s,uj)(u,uj) for s > a and u G S n_1 , 

with any fixed u € S™ -1 . Since for every fixed it G S n_1 there exists a sufficiently 
small neighborhood U Ufl C S' 1 " 1 of uq such that the following lemmata always 
hold uniformly in u G U ua (i.e. the constants in Lemma 12.11 and Lemma 12.21 are 
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independent of u) we do not put the variable u in the function </>. Clearly, <fi £ 
S?,o([a,oo) xS"- 1 ). 

Lemma 2.1. There exists a constant a$ > a and an open cover {Qo,D, + ,tt-} of 
§™-i yjith Q + f] — suc h that for s > do, 

(a) The function fig ^ to <— > (j>(s,u>) has no critical points, and 

\\d u (t>(s,uj)\\ > c> forwefio, (2.3) 

where the constant c is independent of s. 

(b) The function f2± 3 uj n> <j)(s,uj) has a unique critical point 

lu± G C°°([ao, oo); fi' ± ) for some open subset tt' ± with Q'± C fi±, respectively. 
Furthermore 

Widl^u))- 1 ^ <cq for W eO ± , (2.4) 
where the constant co is independent of s. Moreover, lim^oo oj±(s) exist and 
\^\s)\<c k (l + s)- k -^ forfceN. 

Lemma 2.2. Let <j> ± (t,r,s) = st + rs™ <j>(s,uj ± (s)) for t, r > and s > a. Then 

there exist constants a± > oq and c 2 > c\ > smc/i i/iai for s > a\, t > 0, anc? 
r > 0, 

d <±cb(s,uj ± (s)) <c 2 , (2.5) 

<9 s + (i,r,s) > t + cirs^- 1 , (2.6) 

t - c 2 rs™~ 1 < d a <j)-(t,r,s) < t - ars™' 1 , (2.7) 

Cl rs™- 2 < \d 2 s (j}.{t,r,s)\ < c 2 rs™~ 2 , (2.8) 

and 

\d*<j)±(t,r,s)\ <c 2 r S ™- k for k = 2, 3, ■ ■ • . (2.9) 

Next, we consider the following oscillatory integral 
$(A,s) = / e iX ^ s '^b(s,u))dcj, 

where b(s, to) := s 1_ ™ p n ~ 1 d s p G 5j ([ a 7 °°) x S™ -1 ). Let <p + , 93-, ipo be a partition 
of unity of S™ -1 , subordinate to the open cover given in Lemma |2. II Then 

*(A, s) = *+(A, s) + $_(A, s) + * (A, a), 
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*o(A,*)= / e iX ^b(s,u)<p (")<^- 
By using the stationary phase method for ^> , and Lemma |2~T1 and Corollary 1.1.8 
in [8] for $ ± , one has the following result. 

Lemma 2.3. For A > and s > a\ we have 

$(A, s) = X'^ e iX ^ s > u +^^ +{X, s) + A^^e lA * (s ^- (s) %-(A, s) + tt„(A, s), 

(2.10) 

where * ± , * G C°°((0,oo) x [a ,oo)) and 

\d k x di* ± (X,s)\ < c kJ (l + X)- k s~J for k,j G N , (2.11) 
|0j^*o(A,s)| <c kJll {l + X)- l s- j for fc,j,ZeN . (2.12) 



3. Estimates on the oscillatory integral 

In this section we establish the global pointwise time-space estimates of the fun- 
damental solution for the Schrodingcr equation (|1.1[) . 

Theorem 3.1. If the inhomogeneous polynomial P is elliptic and non-degenerate, 
then the fundamental solution of (jl.ip satisfies that there exists a constant C > 
such that 

\I(tx)\-\F-He itp )(x)\<l C|*|-7(l + l*r™M)-" for < |t| < 1, 
\l{t,x)\-\J- (e )(z)|<j cr|t[ _i (1 + |tl _ 1|a;[) _ /1 for | t |> 1; 

; n(rn — 2) 

where u = 777 rf. 

2(m— 1) 

Proof. We first consider 

Case (i): t > 1 and r := |ar| > 1. 

Let i/> G C°°(R) such that ibis) = < " 7 ™ , where ai is given in Lemma 
^ v ; vw [ 1 for s > 2di ' 6 



2J2J We write 

I(t,x) = F-\e itP )(x)= I e i « x '* )+tP Wil)(P(t))dS 



R" 



+ / e i « x >V +tP ^)(l-ip(P($)) ( %=:I 1 (t,x)+I 2 (t,x). 
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First we rewrite I2 as the Fourier transform of a measure, supported on the graph 
S :={z = P(£); £ E R"} C R' l+1 : 

h(t,x)= f e l ^ +tz \l-ij(P(0))S(z-P(0)d^dz. (3.2) 

Since the polynomial P is of order m, the supporting manifold of the above inte- 
grand is of type less or equal m (in the sense of § VIII. 3. 2, [5]). Then, Theorem 2 
of § VIII.3 in [9] implies 

\h{t,x)\ < C(l + |t| + |ar|) - » Vt.x. (3.3) 

This can be generalized: Since /(*,£) := e itP (l-ip(P)) G C* C °°(R") for every t > 0, 
an integration by parts in I2 yields 



h(t,x)=i e «*.e>JL.v e /(t,0#- 



1* 

Proceeding recursively, a simple estimate yields 

\h{t,x)\<C k t k r~ k for fee N , 
and hence also Vfc > 0. But proceeding as in (|3.2[) yields the improvement 

|/ 2 (t,x)| < C fc |*|-™(1 + \t\- 1 \x\)~ {k+ ^ for \t\ > 1, x € R", V fc > 0. (3.4) 

To estimate ii, we shall derive an e-uniform estimate of its regularization 

J s (t,x):= [ e- eP ^^ +tP ^(P(0)d^ fore>0. 
Jr™ 

By the polar coordinate transform and by the change of variables p = p(s,u>) we 
have 

J e (t,x) = f f e- eP ^ +i ^ {x '^ +tP{p ^^{P{fXj))p n - l dujdp 
Jo JS"- 1 
00 /> 

/ e- £S+lts+irp{u ^ ) ip(s)p n - 1 d s pdujds 
is™- 1 



^- ss + its ^- 1 t(,(s)^(rs^,s)ds, 



e S' 







where u = 
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Due to the compactness of S n 1 we may assume without loss of generality 
that u € U Uo (see section [5] for the definition of U UQ ). Thus by Lemma [ 



J E (t,x) = / e - es+l4 '+^ r ' s) s^- 1 ^(s)^ + {rs^ 1 s)ds 

Jo 

/>OG 

+r-^ / e - es+i *-( t ' r ' s h^- 1 'ip(s)iZ>-(rs™,s)ds 
Jo 

j* OO 

+ / e- £S+,;ts s™-V(s)*o(rs™,s)ds 
Jo 

= R+(t,x)+Rl(t,x) + R° £ (t,x), 

where cf>± is the same as in Lemma 12.21 In the sequel, we denote by C a generic 
positive constant independent of t, r, s and e, and put /i := 2(m-ij an< ^ v := 



2(m-l) • 

We first estimate the integral R®(t,x). Let vq(s) := s^~ 1 ip(s)^o( r s~ , s). By 
the Leibniz rule and ()2.12|) one has 

\v ( k) (s)\ < C{rs^Y j s^~ 1 - k for j,k e N , 

where r > 1 and s > a^. Choosing j > n and k > i>, it follows by integration by 
parts that 



(3.5) 



P OO 

|i£(t,a:)| < Cr k / (rs^)"^-- 1 "^ < Ct~ k r- j < Ct~ v r 
J ai 

To estimate the integral R+(t,x), for given t, r > 1 we set 

u+(s) := — es + i(j>+(t, r, s) 
v + (s) := s"2^" _1 '(/;(s)^' + (rs™ , s) 

for s > ai. Since u' + (s) ^ for s > a%, we can define Z?»/ = (g/)' for / G C 1 (0, oo) 
where g = —l/u' + . It is not hard to show 

Div + = c a g {ai) ■ ■ ■ g {a ^v^ +l] for j e N (3.6) 

a 

where the sum runs over all a = (a\, ■ ■ ■ «j+i) G such that \a\ = j and < 

ol\ < ■ ■ ■ < aj. Since (|2.6[) and (|2.9p imply, respectively, that \g(s)\ < Cr _1 s 1_ ™ 
and 

\u+\s)\ < Crs^~ k for k = 2,3,- •• , 



by induction on A; we find that 

\g (k) (s)\ < Cr~ 1 s 1 -^- k for fee N , 
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which shall yield the spatial decay of I\. To derive the time decay of l\ we note 
that (|2.6[) also implies \g(s)\ < t . Hence, it follows that 

\g (k H s )\ < Ct~ 1 s - k for fc e N . 

The novel key step is now to interpolate these two inequalities, which will allow 
to derive estimates also for large time. We have for any 9 G [0, 1], 

\gM(a)\<Cl*- 1 r- e 8 e V-&- k for k G N„. (3.7) 

On the other hand, by the Leibniz rule and (|2.11l) . 

\v ( +\s)\ < Cs^-" 1 - k for k G N . (3.8) 

It thus follows from - that 

\Div+(s)\ < Ct^-^r-^s^ 1 -^ 1 ^- 1 ^ for j G N , (3.9) 

where D°v+ = v+. Particularly (0 = £ = af^y. j = n) 

\D>+{s)\ < Ct>'- n r-' t 8- SS! £ =l - 1 . 

Noting that fi — n < — v, by integration by parts one gets that 



\Rt(t,x)\=r-^- / e u +(D™v + )ds 



< Ct^- n r — 2 — M < ct- v r 



We now turn to the integral R £ (t, x). Here we put 

u-{s) := — es + itp.(t, r, s) 
v-(s) := s^"" 1 )/'(s)f-(rs™ , s) 

for s > ai, and write 

-1 r f^'i 80 r c 2 s o r°° 
i?;^,a;) = r-^-\ / + / + / f e"-( s V(s)ds 

L JO Jc' lSo Jc' 2 s ' 

= R- el (t,x) + R- e2 (t,x) + IT e3 (t,x), 

where so = (r/t) m ~ 1 , c' x = (cx/2)*"- 1 , and c 2 = (2C2) (ci and C2 are given in 
Lemma I2.2[) . 

By integration by parts one gets 

o u_(c' 2 s ) n_1 

:(c 2 s ) 

Since (|2.7[) implies that |m'(s) > C2«m~ 1 for s > c' 2 sq, we find that t>-(s) still 
satisfies (|3.9[) (with = 1) for s > c 2 Sq. 



i^ 3 (t,s) = r-T-(- 7rr ^5^(i^«.)(^o)+ / e«-(D>.)^ 
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If c' 2 so < oi, then (Dlv-)(c' 2 so) = for j = 0, ...,n — 1 (note that ip = on 
[0,ai]). Integration by parts then yields 



\R~ £3 (t,x) 



exactly as done for R^~(t,x). If c 2 sq > oi, then 



f/.s 



c 2 s 



— i 



Noting that r > 1, sq > ai/c' 2 , and t > 1 it follows that 

Ti+l " + 1 n + 1 (n + l)(m-2) 

\R' e3 (t,x)\ < Cr — -s Q 2m = Ct~^=^r ^—d < Ci - "/- - **. 

Since |m_(s)| > ^ c i rs '" 1 f° r a i fs s cf^o, a slight modification of the above 
method yields the same estimate for R~ el (t,x). 

To estimate R~ 2 (t,x), it suffices to estimate the integral 



#02 (M) = r ~ 



= r _!l a-ao / e^- (t '^ SoT) w-(s T)dr. 

We note by ([H]) that 

\d^.(f>-(t,r, s t)\ > cirsl(soT)™- 2 > Crsf 

for r e [c'i,c 2 ]. Since w-(s) also satisfies (|3.8j) . Van der Corput's lemma (cf. [9]) 
implies 

l#02(*,a;)l < Cr' 2 ^ 1 s G (rsf)~^(\v-{c' 2 s )\ + / |s ^(s r)|dr 

Since the dominated convergence theorem implies that </ e (t, ■) converges (as 
s — > 0) uniformly for ir in compact subsets of {x G R"; \x\ > 1}, summarizing the 
above estimates yields 

\h{t,x)\ < Ct- v \x\->* for t > 1 and |a;| > 1. 
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If t > 1, \x\ > 1 and i _1 |a;| > 1, then 

\h(t,x)\ < ct- u \ x \-" < Cf-Sci + r 1 ^!)-" < ct-^ii + t- 1 ^])-". (3.io) 

Combining this with the estimate (|3.4p on I2 (put k = /J, — — ), we have 

\I{t,x)\ < Ct~™(l + t- 1 \x\)-^ 1 for t > 1, |x| > 1 andt _ Vl > 1- 
If t > 1, |x| > 1 and * — 1 1 | < 1, then 

\h(t,x)\ < ct~^ < cr-^ + r 1 ^!)-^. 

Combining this with (|3 .4[) yields again 

|/(i,x)| < Ct-^(l + i- 1 |a;|)-' 1 . 

Case (ii): t > 1, \x\ < 1. 

For /1 we shall prove now that 

|Ji(t, a;)] < C|tr ,l/2 for \t\ > 1 and \x\ < \t\. (3.11) 

To this end we write the integral I\(t,x) as follows: 

h(t,x)= [ e^^+^'^VOP^M == / e ft *«' s '*ty(P(0)d£. 

Note that this integral and the subsequent integrations by parts can be made 
meaningful by inserting a series of smooth cut-off functions </>(e£) for any < e < 1. 
However, this is just a technical procedure, and we refer to |3] for the details in a 
similar situation. 

Since \x/t\ < 1 and |VP(£)| > c|£| m_1 for large |£|, the possible critical points 
satisfying 

V 5 <f(tx,t) = VP(O + x/t = 

must be located in some bounded ball. In order to apply later the stationary 
phase principle, let il C R n be some open set such that suppi/>(P) C fl and 
|VP(£)| > c|£| m_1 on fl. Note that the constant a\ (from the definition of tjj and 
Lemma 12. 2p could be increased, if necessary, such that both of those conditions 
can hold. Then we decompose into fii U^2, where 

n 1 = {f6fi ; |vp(0 + f|<i|VP(OI + i} 

and 

n 2 = {£en: |vp(o + ||>i|VP(OI}- 
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Since ||| < 1 and |VP(£)| — > oo as |£| — > oo, £li must be a bounded domain and 
includes all critical points of <£> inside f2. Now we choose smooth functions 771 (£) 
and 772(C) such that suppr^ C fij and + 772(0 = 1 in O (e.g. see [4] for a 

similar construction). And we decompose I\ as 

h(t,x)=I n (t,x)+I 12 (t,x), Jy(f,a:):= / ^''^(OlK^M, i = 1, 2- 

Jr.™ 

First we estimate In: Note that the determinant of the Hessian matrix 

det(%%$)„ xri (£,a:,t) = det(%%P)„ x „(£) 

is an elliptic polynomial according to our assumption (a) and the remarks in the 
first paragraph of Section[3J Hence, it is nonzero on fi (if necessary, we can increase 
the value of a\ to satisfy the requirement), that is, the Hessian matrix is non- 
degenerate on f2. Moreover, < C a on Oi for any multi-index a S Nq . Hence 
we obtain by the stationary phase principle that 

|/n(i,.^)| < c|t|-"/ 2 . 

Next we estimate I 12 : Note that |V 5 $| = |VP(£) + § | > j|VP(£)| > c|£| m_1 
for (eS] 2 and \d?$>\ < C Q |£| m ~ Q for \a\ > 2. Now we define the operator L by 

<V f $,V f ) 
J ' zi|V 5 $| 2 J ' 

Since Le lt * = e 1 **, we obtain by N iterated integrations by parts: 
\h2(t,x)\ = [ ^^(LTMOWOM 

< c N \t\- N [ ier rojv d£ < c N \t\- N , 

J SUpp-0(P) 

where N > n and L* is the adjoint operator of L. Combining the two cases yields 
the claimed estimate < C\t\~ n / 2 for \t\ > 1 and \x\ < \t\. 



Together with the estimate (|3.4j) (with k = ji — — ) 011/2 this yields 

\I(t,x)\ ^Ct-^il + r^xl)-" for t > 1 and x G R". (3.12) 

Case (iii): t € (0, 1) and x £ R" . 
Here, we observe that 

R™ JR» 
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Let P t (£) = tP{r^O, Pt{s,uj) = t&p(f,w), and a t {a,u) = t-fj(f ,w), then (g3J 
still holds with P, p, cr replaced respectively by P t , pt, <Jt- Since it is easy to check 
that tr t also satisfies (|2.2[) with the same constants CkL , we can deduce from f|3 . 1 2[} 
(with f = 1) that 

\I(t,x)\ < Ct~™(l +t-™\x\)-» for t G (0, 1) and x G R". (3.13) 

And the proof for negative t is analogous. This completes the proof of the theorem. 

□ 

Remark 3.2. If P is homogeneous and non-degenerate, then by scaling the esti- 
mates (|3.ip . one recovers the following sharp form in the (£, x)-variables (see [TTj): 

\^-\ e ltp( ^)(x)\ < Ct-™(1 + |t|- 1/m |a;|)-^ for t ^ 0. 

In particular, we remark that the index /i = 2("~i) * s optimal by testing the 
special case e 1 '^' . In fact, from Proposition 5.1(h) in [7J, p. 289, there exists a 
positive constant c such that 

|J- 1 (e i| ' r )(x)| > c(l + for x e R™. 



Remark 3.3. The decay estimate Q3.3P on /2 can be improved under the additional 
assumption that P(£) has only non-degenerate critical points (or, equivalently, 
for a nonzero Gaussian curvature of the hypcrsurface S) inside the support of 
(1 - ip(P(0)- Then, Theorem 1 of § VIII.3 in [3] implies: 

|J a (t,x)|<C(l + |t| + |x|)-9 Vt,x. 

E.g., this assumption holds if m = 2 or in the example P(£) = |£| 4 + |£| 2 . 

An intermediate decay result for I2 holds, if the Hessian of P has at least rank 
k (1 < k < n) inside the support of (1 — i/j(P(£)) (or, eqivalently, if S has at least 
k nonzero principal curvatures there). Then we have I2 = O ((1 + |i| + |x|) _A; / 2 ) 
by Liftman's Theorem (cf. § VTII.5.8 in [§]). 

Remark 3.4. An analogous method as above leads to 

1 y ' ' l 1 ^ A ;l - \ C|i| — (1 + \t\~ 1 \x\)-' 1 for \t\ > 1, 

where a G Z™ , |a| = b, < 6 < an d M = T " 2 t ( ^~ ) 2b . 
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4. Decay /growth estimates for Schrodinger equations 

Here we shall apply Theorem 13.11 to establish L p — L q estimates for (jl.ip . Since 
P(D) is self-adjoint in L 2 (R"), we have lle^^Uoll^ = ||u || L 2 for all < \t\ < oo 
by Stone's theorem. Next we define the following set of admissible index pairs: 

A:={(p,q); ( jj, i) lies in the closed quadrilateral ABCD subtracting the apex A}, 

where A = (±,±), B = (1, i), C = (1,0), and D = (i 0) for r = Hi^i and 
i + p- = 1. Moreover, we denote by H 1 the Hardy space on R" and by BMO the 
space of functions with bounded mean oscillation on R". 



Theorem 4.1. Let the assumption of Theorem \3.1\ be satisfied. Then 

" \ C\tf«-7\-™\\u Q \\ LV for |t|>l, 

where (p,q) G A, but (p,q) ^ (1 ( t), (t', oo). When (p,q) = (1,t) (Vesp. (t',oo),), 
(|4~Tj) sizH ZioZds i/L 1 (Vesp. is replaced by H 1 (resp. BMO). 

Proof. When (±, i) lies in the edge BC, but (|, |) ^ B (i.e., p = 1 and r < q < oo), 



it follows from Young's inequality and Theorem 13.11 that 



\\ e it p (D)a, II <" IITr-ir^MI ll„ II <) G \ l "O Li for < t < 1, 

||e 'Mollis < ||> (e )||l9||wo||l 1 < < ^..i,, „ , ... ^ , 

[ C\t\ « m \\u \\ L i for \t\ > 1. 

(4.2) 

When (-, -) = B (i.e., p = 1 and q = t), this estimate (with L 1 replaced by 
.ff 1 ) follows from the boundedness of the Riesz potential I n / T ' (cf- [9], p. 136). This 
proves the points (1, i) in the side C-B. Now in view of ()4.2|) . by the Marcinkiewicz 
interpolation theorem (see [5], p. 56), we can conclude the proof of (|4.1[) for the 
points in the closed triangle ABC. Next, by duality the desired arguments for 
the triangle ADC follow immediately from the results in the triangle ABC. This 
completes the proof of the theorem. □ 

Remark 4.2. Let il = {£ G R™ : |£| > a} for some sufficiently large a with 
supp^uo C 0. Also let (p, q) G A, but (p, g) ^ (1,t), (t',oo). First we note that 
(|3.10[) and (|3.1ip combine into 

\h(t,x)\ <Cr^{l+\t\- 1 \x\)-^ <C\t\-^{l + \t\-^\x\)-^ for \t\ > 1. 
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Similarly to the above proof, this estimate implies 

||e Itp ^o||L, = ||Ji(*,-)*«o||l« < C|t|£<W5||uo||£P for \t\ > 0. (4.3) 

When (p,q) = (1,t) (resp. (r',oo)), (|4.3I) still holds if L 1 (rcsp. L°°) is replaced 
by H 1 (resp. BMO). 
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